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Abstract 
It was asked by Itzkowitz in 1976 whether or not the equality of left and right uniformities on 
a locally compact group G could be decided by sequences. Twelve years later, the question was 
answered in the affirmative: For the left and right uniformities on G to be equal, it is necessary 
and sufficient that for each sequence (hn) in G and each neighborhood V of the identity e 
in G, the set nneN h;‘Vh, should be a neighborhood of e. Two independent proofs of this 
unexpected result were proposed, one in the spirit of set-theoretic topology (Pestov), and the other 
based on finite-dimensional Lie theory (Itzkowitz, Rothman, Strassberg and Wu). Shortly after, 
Hansel and Troallic referred to techniques of harmonic analysis to prove that a symmetric set B of 
automorphisms of G is equicontinuous if and only if the countable subsets of U are equicontinuous 
(G being endowed with its left uniformity). This substantially betters the aforementioned property, 
which can be obtained if B is chosen as the set of all inner automorphisms of G. In this paper, 
we re-examine the result and consider it in a maximal generality. We obtain the following basic 
property: Let X be a quasi-k-space (for example a locally compact space), Y a uniform space 
and ‘+l a subset of C(X,Y); then +l is equicontinuous if and only if for each countable subset 
A of X and each countable subset V of 31, the set VIA of restrictions to A of mappings of V 
is equicontinuous. Several applications of this criterion are given, among which a strengthened 
version of a well-known theorem of Corson and Glicksberg. In the last section, the technique is 
applied to the sets of inner automorphisms of topological groups, and a refinement of the result by 
Itzkowitz, Pestov, Rothman, Strassberg and Wu is obtained. 
Keywords: Quasi-k-space; Uniform space; Set of continuous mappings; Criteria for 
equicontinuity; Topological group; Compactness in Hom(G, H); Left (right) uniform structure; 
Equal uniform structures; Left (right) uniformly continuous mapping 
AMS classification: Primary 54E15; 22A05, Secondary 54D99 
0166-8641/96/$09.50 0 1996 Elsevier Science B.V. All rights reserved 
SSDI 0166-8641(96)00056-9 
a4 J.? Troallic / Topology and its Applications 68 (1996) 83-95 
1. Introduction 
Let G be a locally compact opological group. It was asked by Itzkowitz in [IO] 
(1976) whether or not the equality of left and right uniformities on G could be decided 
by sequences (after he proved that it was possible in the g-compact case). Twelve years 
later, the question was answered in the affirmative by Pestov [20]: For the left and right 
uniformities on G to be equal, it is necessary and sufficient hat for each sequence (hn) 
in G and each neighborhood V of the identity e in G, the set nnEN h;‘Vh, should be a 
neighborhood of e. This unexpected result was obtained by using a beautiful transfinite 
argument. Shortly after, and independently, another interesting proof, making use of Lie 
groups, was obtained by Itzkowitz, Rothman, Strassberg, and Wu [11,12]. 
When, in 1989, they found out about he aforementioned property, Hansel and Troallic 
perceived a relationship with previous results of Grothendieck [5]. This led them to rely 
on the key theorem of [S] (and on the main theorem of [17]) in order to prove in [6] 
that a symmetric set f3 of automorphisms of G is equicontinuous if and only if the 
countable subsets of Z? are equicontinuous (G being endowed with its left uniformity). 
This substantially betters Pestov’s result, which can be obtained if B is chosen as the set 
of all inner automorphisms of G. 
Let X be a q-space or a quasi-k-space, Y a uniform space and ‘?i a set of continuous 
mappings of X into Y. One of the aims of this paper is to obtain a sequential criterion 
for Z to be equicontinuous (Theorem 3.1) and to describe some applications of this 
criterion. The first one of these applications urprisingly improves the above result of 
Hansel and Troallic: For N to be equicontinuous, it is necessary and sufficient hat each 
of its countable subsets hould be equicontinuous. 
The definitions of a q-space and of a quasi-k-space are recalled in preliminary Sec- 
tion 2. It follows from these definitions that locally (countably) compact spaces and 
metric spaces are both q-spaces and quasi-k-spaces. 
In Section 3, we state and prove the sequential criterion for equicontinuity announced 
above. Condition (3) of Corollary 3.2 is a useful variant of this criterion. 
Sections 4 and 5 contain applications of Theorem 3.1 (or of its Corollary 3.2). In 
Section 4, we prove a slightly stronger version of a theorem enunciated by Corson 
and Glicksberg [4, Theorem 11. In addition to Corollary 3.2, the proof employs a usual 
category argument contained in the first part of Lemma 4.1. Let G be a topological group; 
in Section 5, we give new and particularly simple criteria for a continuous mapping f of 
G into a uniform space Y to be left uniformly continuous. These criteria are valid when 
G is a quasi-k-space and they follow easily from Theorem 3.1. 
In [7], characterizations were obtained of those q-groups (i.e., topological groups which 
are q-spaces) having equal left and right uniformities. In Section 6, these results are 
extended to topological groups which are more generally quasi-k-spaces and more direct 
proofs are given. (If a topological group is a q-space, then it is a quasi-k-space by 
Theorem 2.3 below.) Theorem 6.1 follows immediately from results in Section 5 (which 
results are themselves applications of Theorem 3.1). Theorem 6.3 extends the main result 
of [7]; the proof combines methods from Theorem 3.1 and some new arguments taking 
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into account the algebraic context; considerations of “precompacity type” which were 
necessary in [7] are avoided here and this ensures a much more transparent proof. 
2. Preliminaries 
Definition 2.1. The notion of q-space has been introduced by Michael [ 151. A topological 
space X is called a q-space if every x E X has a sequence (Vn) of neighborhoods such 
that x, E V,, n E N, implies that the sequence (x,) has a cluster point in X. 
Definition 2.2. According to Nagata [ 181, a topological space X is called a quasi-k- 
space if it has the property that a subset A of X is closed whenever A rl K is closed in 
K for every countably compact subspace K of X. 
Naturally, a mapping f of a quasi-k-space X into a topological space Y is continuous if 
and only if for every countably compact subspace K of X, the restriction f 1 K : K -+ Y 
is continuous. 
The following result was proved by Nagata in [18]. 
Theorem 2.3. Every regular q-space is a quasi-k-space. 
Remark 2.4. The requirement “regular” cannot be removed from the above result. For 
example if X is a metric space and if Y is a countably compact space, then the product 
space X x Y is a q-space (and even an M-space); however it is shown by Noble in [19] 
that it is possible to choose X and Y such that X x Y is not a quasi-k-space. 
The following elementary lemma will be used in the proofs of Theorem 3.1 and 
Theorem 6.3. 
Lemma 2.5. Let X be a quasi-k-space, Y a ungorm space and ‘l-i a subset of the set 
3(X, Y) of all mappings of X into Y. Then the following statements are equivalent: 
(1) 31 is equicontinuous. 
(2) For every countably compact subspace K of X, the set 31(K of restrictions to K 
of mappings of 3c is equicontinuous. 
3. Sequences and equicontinuity 
The following theorem and its corollary give, under very general conditions, countable 
criteria for the equicontinuity of sets of continuous mappings. Various applications of 
these criteria will be given in the next sections. 
For topological spaces X and Y, C(X, Y) denotes the set of all continuous mappings 
of X into Y. 
Let Y be a uniform space, V an entourage of Y and (an, bn) a sequence in Y x Y. 
The sequence (a,, b,) is frequently in V if for each n in N there is p in N such that 
p 3 n and (a,,!~,) E V. 
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Theorem 3.1. Let X be a topological space, Y a uniform space and 7-l a subset of 
C(X, Y). If X is either a q-space or a quasi-k-space, then the following statements are 
equivalent: 
(1) 3t is equicontinuous. 
(2) For each sequence (h,) in 3t, each relatively countably compact sequence (z~) in 
X and each cluster point s of (zCn), the sequence (hn(s), h,(zn)) is frequently in every 
entourage of Y. 
Proof. It is clear that (1) implies (2) (without any hypothesis on the space X); let us 
show that (2) implies (1). 
(i) Suppose first that X is a q-space. Let T be a point of X and Iet I&(T) be the set 
of all neighborhoods of r in X. Assume that 3t is not equicontinuous at r; then, there is 
an entourage V of Y such that the following condition (*) is satisfied: 
‘v’ U E V&r), 3 u E U, 3 h E 7!, (h(r),&)) 4 V (*> 
Let W be a closed entourage of Y such that W* c V and let (0,) be a sequence of 
neighborhoods of r in X such that if 2, E 0, for all n E N, then the sequence (z,) has 
at least one cluster point. We choose the sequence (On) decreasing (which is obviously 
possible). 
By induction, we build a sequence (U,, h,, z,) of points of Vx (r) x 3t x X in the 
following way. We put Ui = X and by applying (*) we choose (hl, zl) E 3c x X such 
that 21 E 01 and (hi(r), hl(zl)) $ V. Let us assume that (V,, h,,zn) is given; we 
choose U,+t E Vx(r) such that 
Un+l c U, and (h,(r), hn(z)) E W for every z E Un+l 
(such a choice is possible since h, is continuous); by applying the condition (*), we 
then choose (h,+l, CC,+]) E 7-L x X such that 
G+I E &+I n On+1 and (hn+&-), hn+t(xn+t)) # v. 
The sequence (h,, z,) of points of ‘H x X has the following properties: 
xn E 0, for all n E N, (1) 
(hn(r), hn(sk)) E W for all n, lc E N such that n < k, (2) 
(h%(r), hn(zn)) +! V for all n E N. (3) 
It follows from (1) and from the characteristic property of the (decreasing) sequence 
(0,) that the sequence (z,) of elements of X is relatively countably compact. Let s 
be a cluster point of (xn). Since h, is continuous and since W is closed in Y x Y, it 
follows from (2) that 
(hn(r), h,(s)) E W for all n E N. (4) 
Since W* c V, it follows from properties (3) and (4) that for each n E N, 
(b(s), h,(4) d oes not belong to W. Thus, condition (2) is not satisfied. 
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(ii) Suppose now that X is a quasi-k-space and that condition (2) holds. Every count- 
ably compact subspace K of X is a q-subspace of X, so by (i) the set ?L.(K of restric- 
tions to K of mappings of ;FI is equicontinuous. This implies that 31. is equicontinuous 
by Lemma 2.5. q 
Corollary 3.2. Let X be a topological space, Y a uniform space and 7-l a subset of 
C(X, Y). If X is either a q-space or a quasi-k-space, then the following statements are 
equivalent: 
(1) 3-1 is equicontinuous. 
(2) Each countable subset of 31 is equicontinuous. 
(3) For each countable relatively countably compact subset A of X and each countable 
subset V of 3c, the set DIA of restrictions to A of mappings of V is equicontinuous. 
Proof. It is obvious that (1) implies (2) and (2) implies (3) (without any hypothesis on 
the space X). Suppose that condition (3) is satisfied; then condition (2) of Theorem 3.1 
is also satisfied and in view of this theorem, if X is a q-space or a quasi-k-space then 
?l is equicontinuous. 0 
Remark 3.3. If X is a quasi-k-space, condition (2) of Theorem 3.1 can obviously be 
replaced by the following close condition: For every sequence (hn) in 3t, every sequence 
(z,) contained in a countably compact subspace of X and every cluster point s of (z~), 
the sequence (h,(s), h,(z,)) is frequently in every entourage of Y (cf. the proof of (ii) 
in 3.1). 
In the same way, if X is a quasi-k-space, condition (3) of Corollary 3.2 can be 
replaced by the following close condition: For each countable subset A of X contained 
in a countably compact subspace of X and each countable subset 2) of ?L, the set V/A 
of restrictions to A of mappings of V is equicontinuous. 
The conclusion of Theorem 3.1 (and also of Corollary 3.2) remains valid if the topo- 
logical space X is assumed to satisfy merely the following condition: a subset A of 
X is closed whenever A n Q is closed in Q for every q-subspace Q of X. It follows 
from Theorem 2.3 that the class of regular topological spaces for which this condition is 
satisfied is exactly that of regular quasi-k-spaces. 
4. Compactness in Hom(G, H) and equicontinuity 
In this section, we give a new proof of a theorem of Corson and Glicksberg [4, Theorem 
11. This proof is based on Corollary 3.2 (and on a usual category argument contained 
in the first part of Lemma 4.1). Corollary 3.2 even allows us to obtain a substantial 
improvement of their result (cf. Remark 4.5). 
For topological groups G and H, Hom(G, H) denotes the set of all continuous homo- 
morphisms of G into H. 
The first part of the following lemma is a well-known property established, for instance, 
in [4] (with a separable metric space Y) and in [21] (with an arbitrary metric space 
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Y). The second part follows from the first (since under the hypotheses of (2), and 
denoting by A a dense countable subset of X, 3t equipped with the pointwise topology 
is homeomorphic to a subspace of the metrizable product space YA). 
Lemma 4.1. (1) Let X be a Bait-e space, Y a metric space and 31 a subset of C(X, Y). 
If ‘&l is compact metrizable relative to the pointwise topology, then 3c is equicontinuous 
at each point of a dense Gs-set in X. 
(2) Let X be a separable Baire space, Y a metric space and Z a subset of C(X, Y). If 
3c is compact relative to the pointwise topology, then 31 is equicontinuous at each point 
of a dense G&-set in X. 
Lemma 4.2. Let X be a nonempty separable Baire space, Y a uniform space, and ‘fl 
a subset of C(X, Y). Zf Fl is compact relative to the pointwise topology, then for each 
entourage V of Y, there exists u E X such that 
{Z E X 1 Vh E 31, (h(u), h(z)) E V} 
is a neighborhood of u in X. 
Proof. The uniform structure on Y can be defined by a set E of pseudometrics on Y, 
and we may assume with no loss of generality that this set is saturated (cf. for example 
[3]). From the definition of the entourages of the uniform structure defined by such a set 
of pseudometrics, there is a pseudometric d of the set E and a real T > 0, such that 
{(Y, 2) E Y x Y I 4y, 2) < r} c v. 
Let (Y*, d*) be the metric space associated to (Y, d) and let 19 : Y + Y* be the canonical 
surjection. The subset 3c” = (0 o h ( h E 7-l) of C(X, Y*) is obviously compact relative 
to the pointwise topology; by applying the second part of Lemma 4.1, we see that R* is 
equicontinuous at each point of a dense Gs subset A of X. Let u be a point of A; then 
U = {Z E X ) Vh E 31, d* ((0 0 h)(u), (0 0 h)(z)) < T) 
is a neighborhood of u in X, and {Z E X 1 Vh E 7-t, (h(u), h(z)) E V} which contains 
U is also a neighborhood of u in X. 0 
Lemma 4.3. Let G and H be two topological groups, H being endowed with its left 
uniform structure, and let 3 be a subset of Hom(G, H). Suppose that G is a separa- 
ble Baire space and that 3 is compact relative to the pointwise topology. Then 3 is 
equicontinuous. 
Proof. Let V be a neighborhood of the identity element in H; then, by Lemma 4.2, there 
exist u E G and a neighborhood U of the identity element in G such that if x E UU 
then (f(u))-‘@(x)) E V for all f E F, for each a E G, the relation x E aU implies 
UU-‘x E uU, and since the elements of 3 are homomorphisms, 
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for all f E 3; thus 3 is equicontinuous at a. q 
We can now state the theorem announced at the beginning of the section. 
Theorem 4.4. Let G be a topological group each of whose closed separable subgroups 
is a Baire space, let H be an arbitrary topological group and let 3 be a subset of 
Hom(G, H). Suppose that 3 is compact relative to the pointwise topology. Then 
(1) For each quasi-k-subspace X of G, the set 31X of restrictions to X of mappings 
of 3 is equicontinuous, H being endowed with its left uniform structure. 
(2) 3 is compact relative to the compact-open topology. 
Proof. (1) Let A be a countable subset of G and let G’ be the closed subgroup of G 
generated by A. The subset 3jG’ of Hom(G’, H) is compact relative to the pointwise 
topology and G’ is a separable Baire space so, by Lemma 4.3, 3/G’ is equicontinuous; 
a fortiori, 3/A is equicontinuous. It follows consequently from Corollary 3.2 that for 
each quasi-k-subspace X of G, 3(X is equicontinuous. 
(2) In view of Ascoli Theorem [3], it is enough to show that 31K is equicontinuous 
for every compact subspace K of G (H being endowed with its left uniform structure). 
This is an obvious consequence of part (l), since each compact subspace of G is a 
quasi-k-subspace of G. 0 
Remark 4.5. In [4], Corson and Glicksberg state a theorem slightly weaker than the 
second part of the above Theorem 4.4; they require G to satisfy the following condi- 
tion: each closed subgroup of G is a Baire space. Notice also that the proof of Corson 
and Glicksberg is incomplete, because they assumed that the topology of an arbitrary 
topological group H is determined by a family of homomorphisms of H into metrizable 
topological groups; such a property is satisfied by “many topological groups H”, but not 
by all. 
Let us recall that in [17], Namioka gives a proof of Theorem 4.4 in the case when 
G is strongly countably complete. (Clearly G is then a quasi-k-space and every closed 
subspace of G is a Baire space.) His proof is based on the main theorem of [17]. 
5. Sequences and left uniform continuity in topological groups 
Let G be a topological group, Y a uniform space, and f : G + Y a mapping; f is 
said to be left uniformly continuous if it is uniformly continuous when G is endowed 
with its left uniform structure. (A similar definition holds for right uniformly continuous 
mappings of G into Y.) For each h E G, let fh be the mapping z + f(hz) of G into 
Y; then f is left uniformly continuous if and only if the left orbit &f := {fh 1 h E G} 
of f is equicontinuous. 
In this section, we apply Theorem 3.1 to obtain criteria for f to be left uniformly 
continuous. These criteria are valid when the topological group G is a quasi-k-space. 
Notice that the last result (Theorem 5.5) is known in the particular case when G is 
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strongly countably complete and Y = W; a proof based on the main theorem of [ 171 can 
be found in [l]. 
In the remainder of this paper, the identity element of a topological group G is denoted 
by e. 
Theorem 5.1. Let G be a topological group, Y a uniform space and f : G + Y a 
continuous mapping. Suppose that G is a quasi-k-space. Then the following statements 
are equivalent: 
(1) f is left uniformly continuous. 
(2) For each sequence (hn) in G, {fh, 1 n E W} is equicontinuous. 
(3) If (4 and (b) are sequences in G such that (a;‘&) is contained in a count- 
ably compact subspace of G, and if e is a cluster point of (a;‘b,), then the sequence 
(f (a,), f (b,)) is frequently in every entourage of Y. 
Proof. It is clear that (1) implies (2) and (2) implies (3) (without any hypothesis on the 
topological group G). Suppose that (3) holds; then to obtain (l), it suffices to establish 
that LGf is equicontinuous. Let (h,) be a sequence in G, (zn) a sequence contained in 
a countably compact subspace K of G and s a cluster point of (xn); by Theorem 3.1 
(and Remark 3.3) it suffices to show that the sequence (f (&s), f (h,z,)) is frequently 
in every entourage of Y; this results from hypothesis (3) since e is a cluster point of 
the sequence ((h,s)-‘(hnz,)) and since ((h,s)-‘(h,z,)) is contained in the countably 
compact subspace s-‘K of G. 0 
Corollary 5.2. Let G be a topological group, Y a uniform space and f : G + Y a con- 
tinuous mapping. Suppose that G is a quasi-k-space. Then f is left uniformly continuous 
if and only if for every countable subgroup H of G, the restriction of f to H is left 
uniformly continuous. 
Proof. The condition is clearly necessary; let us show that it is sufficient. Let (a,) and 
(b,) be two sequences in G such that e is a cluster point of (a; 1 b,) ; let H be the subgroup 
of G generated by the a, and the b,, n E N; since H is countable, the restriction of f 
to H is left uniformly continuous; one deduces that (f (a,), f (b,)) is frequently in every 
entourage of Y. Therefore, by Theorem 5.1, f is left uniformly continuous. 0 
Corollary 5.3. Let G be a locally compact topological group, Y a unifarm space and 
f : G + Y a mapping. Then f is left uniformly continuous if and only if for every open 
o-compact subgroup H of G, the restn’ction off to H is left uniformly continuous. 
Proof. Let us show that the condition is sufficient. (It is obviously necessary.) Let V be 
a compact neighborhood of e in G. For every x E G and every countable subgroup H 
of G, the subgroup L of G generated by (XV) U H is an open a-compact subgroup of 
G containing {x} U H. By hypothesis, the restriction f IL of f to L is left uniformly 
continuous; hence, on the one hand, f is continuous at x, and on the other hand, f IH 
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is left uniformly continuous. By Corollary 5.2, this implies that f is left uniformly 
continuous. q 
Lemma 5.4. Let G be a topological group, Y a uniform space and f : G + Y a con- 
tinuous mapping. Suppose that G is a separable Bait-e space and that the left orbit LG f 
off is relatively compact in C(G, Y) with respect to the pointwise topology. Then f is 
left uniformly continuous. 
Proof. Let V be an entourage of Y; then, by Lemma 4.2, there exist u E G and a 
neighborhood U of e in G such that if 5 E uU, then (f (hu), f (hz)) E V for all h E G; 
the relation a-lb E U implies ~a-‘b E uU, and therefore, 
(f (hu), f (hua-‘b)) E V for all h E G; (*> 
by taking h = au-’ in the relation (*), we obtain that (f(a), f(b)) E V; thus, f is left 
uniformly continuous. 0 
The proof of the following theorem is closely related to that of Theorem 4.4. 
Theorem 5.5. Let G be a topological group each of whose closed separable subgroups 
is a Baire space, let Y be a uniform space and let f : G + Y be a continuous mapping. 
Suppose that the left orbit LGf off is relatively compact in C(G, Y) with respect to the 
pointwise topology. Then 
(1) For each quasi-k-subspace X of G, LGf IX is equicontinuous. In particulal; if G 
is a quasi-k-space, then f is left uniformly continuous. 
(2) LG f is relatively compact in C(G, Y) with respect to the compact-open topology. 
Proof. (1) Let X be a quasi-k-subspace of G; let us prove that LG f Ix is equicontinuous. 
Let (h,) be a sequence in G, (z~) a sequence in X and s a cluster point of (zcn) in X; by 
Theorem 3.1, it suffices to show that (f (h,s), f (h,z,)) is frequently in every entourage 
of Y. Let G’ be the closed subgroup of G generated by the h, and the 2, (rz E N) and 
let f’ be the restriction of f to G’; the left orbit LQ f’ of f’ is relatively compact in 
C(G’, Y) with respect to the pointwise topology and G’ is a separable Baire space so, 
by Lemma 5.4, f’ is left uniformly continuous. One deduces that (f’(h,s), f’(h,z,)), 
that is to say (f (h,s), f (h,z,)), is frequently in every entourage of Y. 
(2) In view of Ascoli Theorem [3], it is enough to show that LG~JK is equicontinuous 
for every compact subspace K of G. This is an obvious consequence of part (l), since 
each compact subspace of G is a quasi-k-subspace of G. 0 
6. Sequences and uniformities in topological groups 
Let G be a topological group. Criteria for the equality of left and right uniform struc- 
tures in G have been obtained in [7] when G is a q-space; we give here more direct 
proofs of these criteria, and when G is a quasi-k-space (recall that by Theorem 2.3, if G 
is a q-space, then G is a quasi-k-space). 
92 J. f? Troullic / Topology and its Applicutions 68 (1996) 83-95 
Endow G with its left uniform structure; then the left and right uniform structures on G 
are equal if and only if the inversion in G is uniformly continuous. Hence the following 
theorem is the direct consequence of Theorem 5.1, Corollary 5.2 and Corollary 5.3 (which 
are themselves easy applications of basic Theorem 3.1). 
Theorem 6.1. Let G be a topological group that is a quasi-k-space. Then the following 
statements are equivalent: 
(1) The left and right uniform structures on G coincide. 
(2) For each sequence (h,) in G and each neighborhood V of e in G, the set 
nnEN h;‘Vh, is a neighborhood of e. 
(3) If (a,) and (b,) are sequences in G such that (a;‘b,) is contained in a countably 
compact subspace of G, and if e is a cluster point of (a;‘b,), then e is a cluster point 
of (a,&,‘). 
(4) For every countable subgroup H of G, the left and right uniform structures on H 
coincide. 
For the particular case of a locally compact topological group G, the following state- 
ment (5) can be added: 
(5) For every open a-compact subgroup H of G, the left and right uniform structures 
on H coincide. 
Using the same ideas as in Theorem 3.1 above in addition to some new arguments, 
we now extend the main result of [7] to the case when the topological group G is a 
quasi-k-space. Arguments of “precompacity type” which were used in [7] have become 
useless here, thus making the proof more direct and transparent. 
Definition 6.2. Let G be a topological group. A sequence (a,) of points of G is said 
to be right uniformly discrete if there exists a neighborhood V of the identity e in G 
such that for all p, q E N, with p # q, the relation Vu, n Va, = 8 holds. Note that for 
the sequence (a,) to be right uniformly discrete, it is necessary and sufficient that the 
following condition should be satisfied: there exists a neighborhood W of e in G such 
that uPa;’ $ W for all p, q E N, with p < q. 
A similar definition holds for left uniformly discrete sequences. 
Theorem 6.3. Let G be a topological group that is a quasi-k-space. Then the following 
statements are equivalent: 
(1) The left and right uniform structures on G coincide. 
(2) rf (a,) and (b,) are sequences in G such that (a;‘b,) is contained in a count- 
ably compact subspace of G, and if e is a cluster point of (a;‘b,), then the sequence 
(al,bl,a2,b2,...,anrb~,...) is not right uniformly discrete. 
Proof. Suppose that (1) holds; if (a,) and (bn) are sequences in G and if e is a cluster 
point of (ai’b,), then e is a cluster point of (a,b;‘) (cf. Theorem 6.1) and consequently, 
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thesequence(a’,b’,az,& ,..., an,&,.. .) is not right uniformly discrete; in other words, 
condition (2) holds. Let us show that (2) + (1). 
Assume that the left and right uniform structures on G are different or, equivalently, 
assume that the set N of all inner automorphisms of G is not equicontinuous relative to 
the left uniform structure on G. By Lemma 2.5, there is a countably compact subspace A 
of G such that the set ‘MIA of restrictions to A of mappings of X is not equicontinuous. 
Let z be a point of A such that %(A is not equicontinuous at z and let K = z-IA; then 
K is a countably compact subspace of G, e belongs to K and ‘fl\K is not equicontinuous 
at e. Let V be a symmetric neighborhood of e in G such that for every neighborhood 
U of e in G, there is a point u in U n K and a point h in G such that huh-’ does not 
belong to V; then for this V, the following property (*) is obviously satisfied: 
V U E UG(e), 3 z,y E G, s-‘y E U n K and zy-’ $ V. (*) 
Let W be a closed symmetric neighborhood of e in G such that W5 c V. 
By induction, we build a sequence (x,, yn) of points of G x G in the following way. 
BY applying ( * we choose (z’, y’) such that z;‘y’ belongs to K and such that z’y;’ ) 
does not belong to W5. Let us assume that (x’ , y’), (22, y2), . . . , (x,, yn) are given; by 
applying condition (*), we then choose (x,+1, yn+‘) such that 
z;:‘Y,+’ E K, (1) 
By condition (l), the sequence (x;‘yn) admits in K a cluster point t. It follows from 
(2) that x;‘y, E y;' Wym for all m, n E N such that m < n; since W is closed in G, 
one deduces that 
YmtY,’ E W for all m E N (4) 
(which is equivalent to ymt-‘y;’ E W since W is symmetric). 
For all n E N, let a, = x, and b, = ynt-‘. The sequence (a;‘&) is contained 
in the countably compact subspace Kt-’ of G, and e is a cluster point of (a;‘&); let 
us prove that the sequence (a’, bl, ~2, b2, . . . , a,, b,, . . .) is right uniformly discrete; this 
will show that condition (2) is not satisfied. 
Let p, q E N such that p < q; by Definition 6.2 it suffices to prove that a,b;’ q! W, 
upa;’ $ W, u,b;’ $ W, bpu;’ q! W, b,b;’ 4 W, or, equivalently, that x,ty;’ q! W, 
xpxq’ 4 w, xCpty,’ $i w, ypx, $ w, ypy,’ $i w. 
By property (4), it suffices to prove that xpy;’ $ W2, xpx;’ # W, xcpy;’ 4_ W2, 
ypx;’ 4 W2, ypy;’ q! W, which will be done by use of conditions (2) and (3). The 
symmetry of these conditions with respect to the sequences (xCn) and (yn) (recall that 
W is symmetric) allows us in the end to reduce the proof to showing that 
xpyp’ # w2, xpxq’ $8 w, xpy,’ 4 w2 
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By condition (3), zpy;’ $ W2. If X,X;’ E IV, that is to say if xq E Wz,, then 
by (2), 
yq E X~(X,-‘WZCp) c (Wxp)(lcpWxp) = IPX,, 
and consequently, xqy;’ E (WxP)(x;’ IV’) = W” which contradicts (3). 
Finally, if xPy;’ E W2, that is to say if yq E W2x,, then by (2), 
xq E yq(+vxp) = (yqxp’)(Wxp) c w”lc, 
and consequently, zqy;’ E (W3x:,)(z;1W2) = IV5 which contradicts (3). 0 
Corollaries 6.4 and 6.5 below are deduced from Theorem 6.3 exactly as in [7] Corol- 
laries 2.4 and 2.6 are deduced from Theorem 2.3; we include the proofs for the sake of 
completeness. Recall that criteria (3) and (4) of 6.4 were established in [l l] and [ 121 in 
the case of a locally compact group; Corollary 6.5 was established in [ 161 (cf. also [ 1 l] 
and [ 121) in the case of a locally compact group too. 
Corollary 6.4. Let G be a topological group that is a quasi-k-space. Then the following 
statements are equivalent: 
(1) The left and right unifarm structures on G coincide. 
(2) If (a,) and (b,) are sequences in G and if e E {a,‘b, 1 p, q E N}, then e E 
{a,b,’ I P> q E %. 
(3) If a sequence in G is right uniformly discrete, then this sequence is also lefr 
uniformly discrete. 
(4) For every neighborhood V of e in G and every right uniformly discrete sequence 
(‘LL~) in G, the set finEN u;‘Vu, is a neighborhood of e. 
Proof. If condition (1) is satisfied, then every neighborhood of e contains a neighborhood 
of e which is invariant under all inner automorphisms, and consequently conditions 
(2), (3) and (4) hold. If condition (1) is not satisfied, then by Theorem 6.3 there are 
two sequences (a,) and (b,) in G such that e is a cluster point of (a;‘&) and such 
that (al,bl,a2,b2,...,an,bn ,...) is right uniformly discrete; one easily deduces that 
conditions (2), (3) and (4) do not hold. q 
Corollary 6.5. Let G be a topological group that is a quasi-k-space. Then the following 
statements are equivalent: 
(1) The left and right uniform structures on G coincide. 
(2) A boundedfunction f : G -+ lR is left uniformly continuous if and only tfit is right 
uniformly continuous. 
Proof. It is clear that (1) implies (2). Suppose that condition (1) is not satisfied; then by 
Theorem 6.3, there are two sequences (a,) and (b,) in G such that e is a cluster point 
of (a;‘&) and such that the sequence (ur , bl, ~2, b2,. . . , a,, b,, . . .) is right uniformly 
discrete. Let 
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be the function defined by g(a,) = 0 and g(b,) = 1 for all n E N. The function g 
is right uniformly continuous; hence, by Katetov’s theorem [ 13,141, it has a bounded 
right uniformly continuous extension f : G + R; this function f is not left uniformly 
continuous since g is not; thus condition (2) does not hold. 0 
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